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by a 3d perturbative calculation. 
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1 Path integrals for quantum gravity 



It is the central aim of path integral formulations of quantum gravity to give a 
physical and mathematical meaning to the formal expression 

^ = /m...(m, n9,u¥'^ S[g,A = — ^ / d'x^ld^m - 2A), (1) 

for the gravitational propagator, subject to boundary conditions on the metric fields 
g^y{x). The earhest attempts to construct a Feynman propagator for gravity [jl], H 
go back to a time when neither of the present authors had been born or, well, 
barely. The perturbation series for (|l|) around flat Minkowski space rj^y is non- 
renormalizable and thus cannot serve as a fundamental definition of the theory. As- 
suming that a quantum theory of gravity does indeed exist, one is therefore forced to 
consider non-perturbative methods for constructing Z. However, a non-perturbative 
evaluation of (|l|) in the continuum meets with a number of well-known problems: 

(i) explicit field coordinates on the physical configuration space ^^^^^^^^ of diffeo- 
morphism-equivalence classes of metrics [Qfiv] (the so-called geometries) must 
be found; 

(ii) a measure Vlg^^] on the "space of paths" (the set of all d- dimensional space- 
time geometries interpolating between an initial and a final spatial geometry) 
must be given; 

(iii) since we are dealing with a field theory, a regular izat ion and renormalization 
- respecting the diffeomorphism symmetry of the gravitational theory - must 
be found. 

Even if good candidates (i)-(iii) have been identified, we still expect difficulties with 
the evaluation of the non-perturbative integral since 

(iv) the action is not quadratic in the fundamental metric fields; 

(v) the integral is unlikely to converge because of the imaginary factor i in front 
of the Einstein action. 

In ordinary quantum field theory on a fixed Minkowskian background, problem 
(v) is usually solved by rotating to imaginary "time" , evaluating n-point functions in 
the Euclidean sector and invoking the Osterwalder-Schrader axioms. It is much less 
obvious how to proceed in gravity, where the metric field is a dynamical variable. 
A generic metric g^i, has no geometrically distinguished notion of time t, and it is 
therefore unclear how to perform a Wick rotation of the form t ^ T = it. 

This difficulty has motivated some researchers to change the configuration space 
of the theory, from Lorentzian space-time metrics g^i, with signature ( — h -|--|-) 
to Euclidean metrics g'J^ with signature (-1- -|- and simultaneously to replace 
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the complex amplitudes expiS[gf^i^] by real Boltzmann weights exp — S'[5'^^]. It is 
important to realize that this substitution is ad hoc in the sense of replacing one 
physical problem by another one which - without a non-perturbative generalization 
of the Wick rotation - is a priori unrelated and potentially inequivalent. 

Unfortunately, because of the so-called "conformal-factor problem" , such a proce- 
dure does still not guarantee the convergence of the regularized path integral. This 
property is visualized most easily by decomposing the (Euclidean or Lorentzian) 
metric g into a product of a conformal factor and a metric g of constant curva- 
ture according to g^^, = e^^g^v Rewriting the Einstein action as a function of A 
and (7, the kinematic term ~ (VqA)^ for the conformal field is seen to contribute 
with the wrong sign, making the action unbounded from below, and the functional 
A-integration in the Euclidean case potentially divergent. 

This "conformal sickness" has been known since the early days of the Euclidean 
path integral 0, Following the suggestion of performing a "conformal rotation" 
A H- > iA [0 for asymptotically Euclidean metrics (and A = 0), the typical cure 
consists in a suitable integration over complex instead of real metrics g^j^y. A place 
where Euclidean amplitudes are essential is the no-boundary proposal of Hartle and 
Hawking |Q. Extensive studies of cosmological models with compact slices have 
been conducted in search of definite prescriptions of complex integration contours, 
satisfying certain criteria of physicality and semi-classicality 0] . For simple mini- 
superspace models such contours can be found, but it seems very difficult to come 
up with a prescription for selecting a contour uniquely which at the same time could 
claim some generality. 

Other authors, again in a perturbative context, have insisted that the proper 
physical starting point for any analysis should be Lorentzian gravity. Either by 
working "backwards" from a continuum phase-space path integral in terms of re- 
duced, physical variables or by gauge-fixing the configuration-space path integral 
and properly including the ensuing Faddeev-Popov determinants they have ar- 
gued that the conformal divergence is spurious. These arguments highlight the 
potential importance of the measure Vlg^^] in dTj), an issue to which we will return 
in due course. 

Because of the ill-definedness of the perturbative path integral, the relevance 
of these considerations for a full theory of quantum gravity is not immediately 
clear. To our knowledge, the conformal problem of the path integral has not been 
addressed in a genuinely non-perturbative setting. This has to do with the general 
lack of regularizations for gravity within which this issue could be treated in a 
mathematically meaningful way. In addition, going beyond the perturbative case, a 
Wick rotation on the space of all metrics is needed if one believes - as we do - that 
the Lorentzian signature and the causal structure of space-time are of fundamental 
physical importance, and should therefore be built into any quantization from the 
outset. 

Our interest in gravitational path integrals is motivated by the recent construc- 
tion of a non-perturbative regularized path integral for gravity based on simplicial 
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Lorentzian geometries |T0|, |TT], (see [0] for recent reviews), a Lorentzian version 



of previously investigated so-called dynamically triangulated models. The model 
can be defined in any dimension d, possesses a well-defined notion of Wick rotation 
and a set of causality constraints reflecting the properties of the discrete Lorentzian 
structure. 

This formulation of quantum gravity goes some way in addressing the list of prob- 
lems mentioned earlier. In the spirit of Regge's old idea of describing "geometries 



without coordinates" [0, it is defined directly on the physical space of geometries. 
The (discretized) geometries are described in terms of the combinatorial data of 
how a set of fiat ci-dimensional simplicial building blocks (whose metric properties 
are encoded in their geodesic edge lengths) is glued together. This amounts to a 
definite prescription for (i)-(iii) above. The non-perturbative Wick rotation gets rid 
of the factor of i of problem (v), and the Wick-rotated path integral can be shown 
to converge for a suitable choice of bare coupling constants. 

It is remarkable that a regularization for quantum gravity with such properties 
should exist and it is of great interest to understand whether the path integral can 
be evaluated explicitly, and simultaneously the diffeomorphism-invariant cut-off be 
removed to give rise to a well-defined continuum theory. Instead of performing 
Gaussian continuum integrals as in (iv), "solving the model" means the evaluation 
of the discrete combinatorial state sum over distinct gluings. This program can 
be carried out exactly by analytical methods in dimension d = 2 |Ty], yielding a 
well-defined propag ator d), in agreement with a (formal) continuum calculation in 
proper-time gauge . 



These results are reassuring as far as the consistency of Lorentzian dynamically 
triangulated gravity is concerned, but more serious problems are expected to appear 
in higher dimensions, in the case of the conformal-factor problem for d > 3. Al- 
though the discrete model always possesses a phase where Z converges, this may be 
attributed to the effective curvature bounds inherent in the regularization. It does 
not necessarily exclude a dominance of the unphysical conformal mode in the state 
sum. One can indeed identify simplicial geometries (whose spatial volumes oscillate 
rapidly in proper time) with a large and negative Euclidean action. Nevertheless, 
it has been established by numerical simulations that for the 3d model there is a 
large range of the gravitational coupling constant where such modes do not play 
a role |T^. This entails a win of "entropy over energy", that is, well-behaved 



geometries outnumber completely the potentially dangerous ones associated with 
conformal excitations. 

It would be very significant if the same behaviour persisted in four space-time 
dimensions, since it would suggest a resolution of the conformal-factor problem 
at the non-perturbative level, where a quantum theory of gravity has a chance of 
existing. The question we will address in the present work is whether and how 
such a behaviour can be understood from a continuum point of view. The evidence 
from Lorentzian dynamical triangulations so far suggests that a crucial contribution 
in the cancellation of the conformal divergence must come from the path integral 
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measure. 

To imitate the discretized formulation as closely as possible, we will use a con- 
figuration space path integral in terms of metric fields Qfj^i,. Our calculations will 
be done for d = 3,4. In order to gauge-fix, we will work with "proper-time" (or 
"Gaussian") coordinates. This is motivated by the presence of a preferred notion 
of (discrete) proper time in the lattice model (although it should be pointed out 
that in this case there is no gauge-fixing - proper time is simply selected from the 
combinatorial data characterizing each geometry). 

We do not expect to be able to perform the non-perturbative functional inte- 
grals explicitly (this is problem (iv) from above), but we will show that under certain 
plausible assumptions about the behaviour of the path integral under renormaliza- 
tion the conformal divergence is cancelled by a compensating term in the measure, 
arising as a Faddeev-Popov determinant during the gauge-fixing. Our treatment 
will concentrate on the conformal factor-dependence and will remain formal in the 
sense that we will not spell out the details of the regularization and renormalization. 
However, the results from the simplicial formulation make us confident that suitable 
diffeomorphism-invariant regularization schemes do indeed exist. 

The cancellation mechanism we uncover is a non-perturbative version of the 
one found by Mazur and Mottola |^, and requires that C < for the constant 
C appearing in the DeWitt measure, exactly the range where the DeWitt metric 
is indefinite. It leads us to conjecture that the "natural" measure given by the 
dynamical triangulations approach corresponds to a value of C < — |. This is quite 
plausible, given that the only distinguished value of C (inherent in the action and 
appearing explicitly in a canonical treatment of three- and four-dimensional gravity) 
is C = —2, which lies in the required range. 

The contents of the remainder of our paper is as follows: in the next section 
we will separate out the gauge components of the metric tensor and discuss some 
properties of the proper-time gauge. We also introduce our conventions for various 
scalar products. In Sec. 3, we explicitly isolate the negative-definite part of the 
action responsible for the conformal divergence. The Faddeev-Popov determinants 
associated with the variable changes on the space of metrics are computed in Sec. 4. 
We then show that under certain assumptions on the renormalization behaviour of 
the state sum (borrowed from 2d Liouville gravity), a piece of these determinants 
exactly cancels the leading conformal divergence in the action. Sec. 5 contains a 
perturbative evaluation of the complete proper-time path integral around a fixed 
constant-curvature torus metric in 3d, to illustrate the cancellation mechanism at 
work in a complete and explicit calculation. In the final Sec. 6, we summarize our 
findings. 
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2 Implementing the proper-time gauge 



Our first task will be to split the metric degrees of freedom into physical and gauge 
components, and to divide the gravity partition function by the (infinite) volume of 
the diffeomorphism group. We will work with dimensional space-times M, (i = 3, 4, 
with topology ^"^^M = [0, 1] x ('^^^S, where E denotes a compact spatial manifold. 



In an attempt to follow as closely as possible the discrete construction of [pT| , |T2 
we will represent the physical configuration space of geometries on M (i.e. the quo- 
tient space of space-time metrics A4 = Metrics (M) and space-time diffeomorphisms 
Diff(M)) by the space of metrics in "proper-time gauge" 0, which are of the block- 
diagonal form 

— * 

9t=(F; M, /u,z/ = 0,...,rf-l, i,j = l,...,rf-l. (2) 



'''' VO g,, 

Our "Wick rotation" consists in substituting e = — 1 in the Lorentzian case by 
e = +1 in the Euclidean case (where we define := For the case that 

the spatial (d-l)-dimensional metric Qij is time-independent - as for instance in the 
case of the fiat Minkowski metric - this prescription is equivalent to an analytical 
continuation in proper time t. It is not straightforward to define an exact analogue 



of the discrete Wick rotation of [[11], |T2| , which is given as an operation on discrete 
geometries, without the need to introduce any coordinates. In that case, one can 
nevertheless choose a coordinate system on each individual flat simplicial building 
blocks in which the metric tensor takes the form (^, and the discrete Wick rota- 
tion (up to a constant rescaling of proper time) corresponds to a sign flip of the 
(OO)-component. Another property our Wick rotation shares with the discrete case 
is the fact that it maps real Lorentzian metrics to real Euclidean metrics. Note 
that unlike its discrete counterpart, our prescription e t— > — e does not in general 
map solutions of Lorentzian gravity to Euclidean solutions. (For the dynamically 
triangulated Lorentzian models this is ensured in the sense that the two actions are 
mapped into each other.) However, this is no obstacle to our non-perturbative con- 
struction, where e i— > — e simply gives us a 1-to-l map from Lorentzian to Euclidean 
geometries. All computations are then performed in the Euclidean sector where - up 
to regularization - they are well-deflned. We will not address the question of what is 
the most suitable way of "rotating back the result" , since this will ultimately be dic- 
tated by the physical interpretation of the flnal, non-perturbative partition function 
(obvious candidates are an inverse flip e = l i— > e = — 1 or an analytic continuation in 
proper time). 

One may wonder why we have not adopted a prescription of the form of an ana- 
lytic continuation in time, t \—>- it. The problem is that although such prescriptions 
"work" for a handful of metrics Qf^i, with special symmetries (flat space, static solu- 
tions etc.), they do not exist in general. Firstly, a generic space-time does not have 

■^Note that this gauge was used by Leutwyler in one of the first path-integral treatments |^ . In 
the context of the canonical path integral, a similar proper-time gauge was employed in 
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a physically preferred time-direction, and the prescription is clearly not invariant 
under diffeomorphisms. Secondly, if by some gauge choice one does distinguish a 
preferred system of coordinates (like the Gaussian coordinates we are using), the 
substitution t it will in general lead to complex metrics, defeating the purpose of 
making the non-perturbative path integral better defined. 

Keeping track of the signature is particularly convenient in proper-time gauge 
and we will work throughout with factors of e. The metric gij is taken to be positive 
definite. Locally on a space-time one can always find so-called "Gaussian normal 
coordinates" in which the metric tensor assumes the form (|^), but in general one 
expects obstructions to introducing such coordinates globally. 

As with any gauge choice the gauge must be attainable and unique, that is, any 
point g^y G must he on a gauge orbit that cuts the constraint surface C (in our 
case defined by the vanishing of the gauge condition, qq^ — e(5° = 0) exactly once. 
A necessary condition which is easier to prove is that any g^^ in the vicinity of 
C can be uniquely decomposed into a configuration (yfP* G C and an infinitesimal 
diffeomorphism. This is demonstrated in appendix 1. 

Potential difficulties with the global implementation of the proper-time gauge 
have to do with the focussing properties of time-like geodesies. Anti-de Sitter space 
in 3 and 4 dimensions is an example of a solution to the classical Einstein equations 
where proper-time coordinates do not cover the entire space-time. The 4d metric in 
these coordinates assumes the form 



ds^ = 



-dt^ + cos^ t (dx^ + sinh^ x{de'^ + sin^ Odcj)'^)) , (3) 



with coordinate singularities at t = ±7r/2, where the time-like geodesies orthogonal 
to the hypersurfaces t = const converge to points, as is illustrated by the Penrose 
diagram in Fig. ^ This is therefore an example of a metric - albeit one with 
rather bizarre causality properties |]T9| - that cannot be reached from the constrained 
surface C by a diffeomorphism. (By contrast, no such problems occur for the de Sitter 
space, say.) 

The existence of such configurations in an infinite-dimensional context is not 
surprising. For example, it is well-known from the Riemannian case that con- 



figurations g^iy with special symmetries must be excised from Ai to make quotient 
spaces of the kind Ai/Diff{M) well-defined. Similarly, for the purposes of the 
non-perturbative path integral we are only interested in capturing the properties of 
"generic" metrics, and not of "sets of measure zero" . In our work we assume that 
the diffeomorphism orbits f*gfil through metrics of the special form (|^) are in a suit- 
able, function-theoretic sense dense in the space Ai of all metrics.0 Since we do not 
have a precise definition of a suitable quantum analogue of the space A4/Diff{M) 

^As far as we can see, this assumption is not in contradiction with the weU-known difficulty of 
using proper-time coordinates in an initial-value formulation of the classical Einstein equations: 
in this case, given initial data for the spatial metric gij and the extrinsic curvature Kij, caustics 
in the proper-time coordinate system will generically develop at some finite (positive or negative) 
time if Tt K ^ initially (see, for example, [El|). 
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Figure 1: Penrose diagram of anti-de Sitter space, illustrating the convergence of 
time-like geodesies. 



beyond formal continuum calculations, such an assumption can ultimately only be 
justified by the results of a properly regularized formulation of the theory. 

We now must implement our gauge choice to isolate the physical degrees of 
freedom. This requires a change of coordinates g^^i, ^— {gfil, f) on Ai, where / labels 
space-time diffeomorphisms that map any boundaries of Ai into themselves. (We 
do not specify any detailed boundary conditions because our main argument will 
not depend on them.) Such a coordinate transformation must be accompanied by 
a Jacobian whose explicit functional form depends on the gauge condition 



imposed on the metric. We will determine this Jacobian in proper-time gauge using 



the methods of Mottola et al |23[ (see also ||2^ for a pedagogical introduction). We 
decompose an arbitrary tangent vector Sg^^\g = h^^\g in a point g E M. according 
to 

V = + v^e. + v^e^ =: + m,u. (4) 

where /i^^ is the gauge-invariant piece of h^y defined by 

(F o h^')^ = F'^hll = 6^,h% = h% = 0, (5) 

and the vector field ^ generates an infinitesimal diffeomorphism of M. Note that 
we are not separating out the trace-free part of the metric at this stage. A natural 
scalar product for tangent vectors to A4 is given by 
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where the "T" stands for "tensor" and we will from now on suppress the dependence 
on the base point g E M.. The DeWitt metric is 



(7) 



for an arbitrary real constant C. Similarly, the scalar product for vector fields on 
M is 



JM ^ 



p.U(:i 

HI 



and for scalars 



AS 



M 



d'^x \J\ det 



g\ ijjijj 



(9) 



Note in passing that Lorentz-invariance is not an issue in defining expressions like 
(i^Bil); since the metric manifold {M,g^u) does not carry a global action of the 
Lorentz group unless g is the flat Minkowski metric. (It wouldhe a requirement if we 
were considering a perturbative formulation around flat space.) On the other hand, 
diffeomorphism invariance of the entire path integral will be maintained throughout 
our construction. 

The (base-point dependent) Jacobian Jelg^u] is defined by 

and can be computed by assuming Gaussian normalization conditions of the form 



[Vh 



exp 



and similarly for h^^^. The diffeomorphism-invariance of the measure [P/i^jy] has 



been shown in ||2^. We have introduced the subscript e for the measures and scalar 
products to indicate their dependence on the signature. Analogously, functional 
determinants of suitable operators O are computed according to 



VdetC' 



(12) 



The way the e-dependence is to be interpreted in the functional integrals above is 
as follows. All computations are to be performed for the Euclidean value e = 1 and 
then continued. This continuation can be non-trivial in a relation like (0) only if 
the original operator O had an explicit e-dependence. 

The measure [Dg^j^^] for the full path integral (|l|) must be diffeomorphism-in- 
variant and is usually assumed to be closely related to the tangent space measure 
[Dh^i^]. Since both the measure and the Einstein action are invariant under dif- 
feomorphisms, we can factor out the volume of the d-dimensional diffeomorphism 
group and are left with the path integral (c.f. p3| ) 



JA9 



pt] 



(13) 
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The gravitational action in terms of the gauge-fixed metrics appearing in (|T3D is 
given by 

SM = / d'^x^/d^, (('^-1)/? - 2A - '-Gl%{dog.,){dogM)) , (14) 

where ^'^"^'^R denotes the scalar curvature of the spatial metric gfj, and where we 
have now dropped the explicit superscript indicating proper-time gauge. The Jaco- 
bian has the form 

J = ^Jdety{F o Ft)-i(F o L)t(F o L), (15) 

where L - defined in (^) - maps vectors to symmetric tensors, and F - the gauge 
condition according to (^) - maps symmetric tensors into vectors. We tacitly assume 
that zero eigenvectors have been removed in the computation of determinants like 
(0). Adjoints and determinants are defined with respect to the scalar product on 
vectors induced by the DeWitt metric (0) at = g^^, namely, 

(rf, e) = J d'x^detgf} v*, (g^T e.- (16) 



3 Isolating the conformal divergence 

As we have already described in the introduction, the Euclidean gravity path integral 
in d > 3 suffers from a "conformal sickness" arising because of the unboundedness 
of the action from below [§], ^. It is straightforward to see that the same is true 
for the action (p!4D in proper-time gauge. To isolate the relevant kinetic terms, we 
decompose the time-derivatives according to 

dogij = {d^giif + {dog-ij)^ 

:= (1 - G),/\d^gu) + G,,^\dogki). (17) 

into a trace part and a trace-free part, where the projector G onto the trace-free 
subspace is given by 

G./' = + 5,%' - ^ g,, /'). (18) 



The kinetic term in ([T^) can be rewritten as 

i-2 O^ietgf (a„^,^)X^.y,(a„^^,)X. 



d - 1 (det g)^ 

The first term on the right-hand side is the negative definite trace-part. This is 
precisely the kinetic term of the conformal mode one isolates in perturbative expan- 
sions around Ricci-fiat metrics, and which leads to the conformal divergence. The 
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second term in (|T9D, coming from the trace- free directions, is positive definite (c.f. 
|]25[| ). In order to make the A-dependence more exphcit, we decompose the metric 
according to Qij = e'^^gij, where Qij is a constant-curvature metric. This is always 
possible for the Riemannian metrics we are considering but note that in our 
case cjij has an additional time- dependence. 

We will deal with the Jacobian accompanying the coordinate change Qij ^ 
{X,gij) in the next section. The complete action (|T3|) becomes 

(20) 

and is unbounded below (for either signature) because of the "wrong" sign for the 
kinetic term in the shifted scaling parameter 

This presents a potential problem for the Euclidean approach where the exponen- 
tiated action contains a term ~ e'^^ Z*-^"^-'^ which can become arbitrarily large for 
strongly oscillating conformal factors. For later convenience, we rewrite the action 
in terms of the shifted variable A as 

Se = -Y^ J d'x |^(det^,,)^e('^-=^)^[i? + (f/-2)(rf-3)(V.A)(V^A)] + 



(22) 



where we have now written out the positive-definite kinetic term explicitly. Note 
also that is non-polynomial in both A and cjij. In three dimensions, the expression 
(P^) simplifies further to 

St' = / dt{^^X + J d^x e^~\-2K + 2t[d^~\f 

-|(5o^.,)(^'V - \g''t'){do-gH))). (23) 

with X denoting the Euler characteristic of the two-dimensional spatial manifold. 

From the point of view of the canonical formulation of gravity the presence of the 
conformal divergence is rather puzzling. In that case it is clear that the conformal 
factor is not a propagating degree of freedom, since it is canonically conjugate to a 
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gauge variable and becomes fixed by imposing the Hamiltonian constraint. In met- 
ric path integrals of the kind we are considering, this property is not at all obvious. 
The natural place to look for a cancellation of the divergence is the path-integral 
measure, which is a central ingredient in any non-perturbative formulation. As we 
have mentioned earlier, this scenario seems to be realized in the non-perturbative 
approach based on piece- wise linear Lorentzian geometries [jlOl , |Tl|, |12[ , which is one 



of the few well-defined regularized path integrals available that do not rely on any 
fixed background geometry. Numerical investigations of the corresponding contin- 
uum theory in d = 3 have shown that for sufficiently large bare Newton constant 
there is a phase whose ground state has a stable and extended geometry, without 



the large fluctuations indicative of conformal excitations [|1^ . 

This clearly non-perturbative effect has motivated us to re-examine the contin- 
uum gravitational path integral, to understand how such a cancellation may occur 
when the measure is properly taken into account. Having identified the explicit form 
of the conformal divergence in proper-time gauge, we will now look for potentially 
compensating terms in the measure, more precisely, relevant contributions in the 
form of Faddeev- Popov determinants. 



4 Computing the measure and cancelling the di- 
vergence 

Next we determine the measure contributions arising as a result of the coordinate 
transformations of the previous section, g^^, ((^p* , /) and 5^^* = Qij > {(jij, A). 

The two functional determinants appearing in the Jacobian J in (|r^) are vector 
determinants. The operators in their arguments are formally self-adjoint, because 
they are of the form of products of operators with their adjoints. Computing the 
explicit operators, one finds 

1 C 
for the adjoint of F, leading to the diagonal operator 

'^"^V^eV + ^^Wo-^C^ (25) 

where Id-i denotes the (d — l)-dimensional unit matrix. We will be needing the 
determinant of the inverse of this operator which for later convenience we factorize 
into a scalar and a spatial (rf— l)-dimensional vector determinant according to 

detv(F o Ft)-i = dets 1^ ^ + (d-^c ) ^"^^^"^ ^^'^ ' ^^^^ 
The remaining terms in the Jacobian J depend on the operator 

(FoL)/ = VV^ + VVo (27) 
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together with its adjoint, 

(F ° Ly,-" = -90,^" - - 5/(Vo + ro\). (28) 

Substituting in the expression Vj = — (Vq + Tg^) for the adjoint of Vq, we finally 
obtain 

[(FoL)t(FoL)]/ = -(^om^o'^V^Va - ^o'^ro^VA + ^o'^VSV^ 

-^70M V^Vo - To^^Vo + (29) 

Note that the determinant of this operator can be written as a product of two 
determinants of operators which are separately self-adjoint, namely, 

detv(F o L)t(F o L) = detv(VjVo) dety{{Vl)-\F o L)t(F o L)Vo ') 

= detv(VSVo) detv(F oLo Vo^iF oLo Vq ^) 
=: detv(VSVo) detv(i^^oir). (30) 

We have separated out the time derivatives since we are particularly interested 
in identifying terms that can cancel the divergence associated with the conformal 



kinetic terms in (pOj) , (|22D . The Faddeev- Popov operator ( P9|) contains terms of the 
same kind, coming from eigenf unctions Pu{x) that are rapidly oscillating in time. 
In the region where |Vjpy| ^ |VoP;/|, this behaviour is captured by the factorized 
operator (VgVo)- The factorization ( |30D will be used in the cancellation argument 
below. 

We proceed similarly for the second Jacobian J, which comes from isolating the 
divergent mode A in the action (c.f. the discussion in Sec. 3). For the purposes of 
this section, it is not necessary to specify explicitly which variables (gij)^ are used 
on the remainder of the configuration space. Using the projectors G and 1 — G as 
in ([T7|) , ([TsD , we decompose the tangent vectors as 

Sg,, = iSg,,y\ + i5g,,)^, (31) 

where the trace part is given by 

(%j)ll = (1 - G)^/'(5^fc/ = ^^9ij S log det g = 2gij S~X (32) 
and A has already appeared in (PT|). The Jacobian J is now defined through 
1 = J[V6g%J[V6g^le-'^^'^-'^^^ 

= jj [V5\j[V5g\ e-^«'5^"(^^)'^^"('5^)>^+<'^^"''5^">^), (33) 

where the scalar products are taken with respect to the DeWitt metric (|^) restricted 
to the spatial components, 

(^^f, 5g)c = J d'^x ^/detg~j Sgij 0'^^) ^9ki- (34) 
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As in Sec. 2 above, we assume separate Gaussian normalizations for the two func- 
tional integrals, leading to 




and therefore 

J = y^dets 2{d-l){2 + {d-l)C). (36) 
We now collect all determinants to obtain 

J- J = v'dets((2 + dC){d - l)2edldo) detv.i-i(2eVjVo) detv(i^t o K), (37) 

where we now have decomposed also the vector determinant of the time derivatives 
into a scalar and a spatial vector piece. This combined Jacobian appears in our final 
form of the non-perturbative continuum path integral in proper-time gauge, 

Z, = l [Vg^l I [V~Xl jX e"v^^^(^i'^). (38) 

Unfortunately, but not unexpectedly, there is no immediate way in either c? = 3 
or (i = 4 of evaluating these integrals since they are not of Gaussian form. For the 
time being we are content with less, namely, understanding the role played by the 
conformal factor. For this purpose, let us concentrate on the leading divergence in 
A in the action (|22|), 

Sd = -kj d^x e('^-^)\9oA)' = k j d'^x e^'^-'H{do + T^^)do\ 

= -kj d'^x e^'^-^^'^~Xdldo~X = -k J d^x V^e^^-i^^ASj^oA, (39) 

with the positive constant k = {d — l){d — 2)/(167rG'), neglecting all other terms 
(including boundary contributions) in the action. 

What still stands in the way of our doing the A-integration in (|38|) is the A- 
dependence of the measure in the action and of the various Jacobians. Following 
the example of Distler and Kawai in two-dimensional Liouville gravity |2^ , we make 
the unrigorous, but well-motivated assumption that all measures with respect to the 
metric Qij = e'^^cjij can by suitable field redefinitions be turned into measures with 
respect to the constant-curvature metric Qij, where the Jacobian accompanying this 
variable change is assumed to be of the same functional form as the (exponentiated) 
original action^. Applying this philosophy to the truncated path integral, we can 
pull all functional determinants out of the A-integral (since they are now defined 
with respect to the metric (jij), resulting in 

Z, = J [Dg^lsJ dets{{2 + dC){d - l)2edldo) detvd-i(2eV2,Vo) detv(i^t o K) ■ 

J [V~\l e-v^ k^^"Jd'^-V3 X9l9oX+...^ (40) 

^In principle other (higher-curvature) terms may be generated in the process, but they will not 
affect our cancellation argument for the conformal divergence. 
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where we have absorbed the effect of the new Jacobian in a renormahzation of the 
gravitational coupling constant contained in k (and we are assuming that k^'^"' is 
still positive) .0 

Since A takes values on the entire real line, we can set VX = V6X and perform the 

A-integral to formally obtain 1/ ^dets(— Sg^o). As can be seen, this term is cancelled 
by the scalar determinant in ( ^0]) provided that its prefactor is negative, that is, if 
C < — |. Obviously the determinants involved here are badly divergent and must 
in principle be regularized. However, since the two terms have the same functional 
form we expect the cancellation to go through independent of the regularization 
chosen. (What we have in mind as a typical non-perturbative regularization of the 
partition function (|40j) is a common frequency cutoff for the entire expression 

(not just for the A-integration). The regularized determinants then take the 
form detg^^^O = nn<no ^n, where e„ is the eigenvalue of the n'th eigenfunction of 
the operator O, and where we are suppressing degeneracies of the eigenfunctions 
associated with the spatial directions.) 

Thus we conclude that under the plausible assumption that the conformal part 
of the volume element ^/det g can be absorbed into a redefinition of the coupling 
constants and provided that the DeWitt metric is chosen with C < — |, the confor- 
mal divergence of the Euclidean wick-rotated gravitational path integral is cancelled 
non-perturbatively by a corresponding term in the measure, coming from a Faddeev- 
Popov determinant. 

The condition C < — | was found previously in the perturbative treatment of 
Mazur and Mottola ^ , with a similar cancellation mechanism. We differ from their 
and other authors' treatments by obtaining the configuration space of "Euclidean 
gravity" through a non-perturbative Wick rotation of the gauge-fixed Lorentzian 
path integral Z^~^\ expression (|I3|) . Wick rotation in proper-time gauge corresponds 
to a straightforward substitution e i— >■ — e in our formulas. In other gauges, there is 
no immediate relation between the Euclidean and the Lorentzian sectors beyond the 
perturbative regime around a fixed (typically flat) background metric. In these cases, 
even if any non-perturbative results could be obtained for Euclidean signature, their 
implications for the physical, Lorentzian sector would be unclear. 

By contrast, we have shown under what conditions a cancellation of the con- 
formal divergence may take place in the full, non-perturbative theory of Lorentzian 
space-times. This lends further support to the finding of the quantum gravity model 
obtained from Lorentzian dynamical triangulations, whose effective measure (includ- 
ing entropy contributions) apparently leads to a non-perturbative cancellation of the 
"conformal sickness" of the action. The restriction C < — § found in the contin- 

d 

uum is not unnatural in the sense that this parameter region contains the only 
dynamically distinguished value C = — 2 of the constant C (found after Legendre- 

^There is a somewhat related path-integral treatment by Mazur, based on a conformal decom- 
position of Riemannian space-time metrics ||2^ . However, he concentrates on boundary rather 
than bulk terms in the effective action. 
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transforming the gravitational action in d = 3 and 4). 

Even with our assumption of the absorption of the scahng factors e^^, it is 
unhkely that one can make much progress in computing the continuum path integral 
in proper-time gauge explicitly, at least in four dimensions. Note that substantial 
simplifications occur in the case d = 3, where there are no further explicitly A- 
dependent terms in the part of the action indicated by the dots in formula (^Ol). In 
that case, it remains to evaluate 

Zt' = I [Vg^Udety.-.{2eVlVo) detyi^ o K) e-^-^^'^''"^% (41) 
with the action 

Sf=' = J dt{A7rx + / d'x.Jd^j{-2A - l(5o^.,)(^*V - ^r^'^'')(te))) ■ (42) 

Although this expression looks now tantalizingly simple, it is still non-polynomial 
in the remaining metric components. We will not attempt here to evaluate ( ^T] ) 
further, but it would clearly be interesting to relate it to any one of the known exact 
results obtained in other approaches to three-dimensional quantum gravity (see, for 
example, pO[] ). 



5 Perturbative evaluation of the 3d path integral 

Although it was not our main motivation, one can take our formulation as the start- 
ing point for a perturbative expansion around a given classical solution. Depending 
on the solution one is interested in, the proper-time gauge is not necessarily the most 
convenient gauge choice perturbatively. Also, we do not expect to find anything new 
compared with previous calculations using other gauges. Nevertheless, the calcula- 
tion we will perform illustrates the general procedure outlined in the main part of 
the paper and gives an explicit example of the cancellation mechanism at work. 

We will study the path integral ( P8| ) by computing its perturbative expansion 
Z^'^^ around a particular classical solution. For the sake of simplicity, we choose the 
spatial slices to be flat two-tori (corresponding to a vanishing cosmological constant 
A), such that M = [0, 1] x T^. There is a two-parameter set of classical solutions, 

(43) 

















T2 






lo 


yii. 

T2 


T2 



in a proper-time coordinate system (t, Xi, X2), where the Xj are periodic and rescaled 
to have period 1 0, 0. The metrics are parametrized by two modular parameters 



Tai and V denotes a constant spatial area. We will perform our perturbative calcu- 
lation around any one of the "straight torus solutions" with (ri, T2) = (0, r), r > 
where the metric takes the diagonal form 

= rl i cr f \/ 



g% = diag (e, Vt). (44) 



T 
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Our starting point is the partition function 



) = I [Vhi^, I [V5~Xl J J, ^-V-eS^^'KM)^ (45) 
with the action given by 

Si'^ = JdtJ d\^^, (2e(9o5A)2 - '-{doh^g^'g^\d,hi)^ , (46) 



and where both expressions are to be evaluated at the base metric (p^. Since our 
end result will not depend on e in a non-trivial way, we will from now on simply work 
with the Euclidean value e = 1 and drop the subscripts e. We are using the notation 
hij = 6gij for the tangent vectors at ^^^^ G A4, and decompose them according 
to ([31|), (|32|). We will parametrize the directions hj-j perpendicular to the trace 
part explicitly as functions of the spatial vector fields C,i and infinitesimal modular 
parameters 6to,, such that 



= : {L0^, + SUx^'^K v^(^)) vl/( with xlf := (47) 



This variable change is motivated by the standard decomposition of two-dimen- 



sional Riemannian metrics [M, 30 



g,,{x,t)=e'''•^^''^jl,g^A^,t), (48) 
followed by a shift A t-^ A of the conformal factor, c.f. (l2l|) . In the decomposition 



(^), gij{x,t) is one of a set of constant-curvature metrics, labelled by Teichmiiller 
parameters Tq, and / a spatial diffeomorphism, with generators ^i. Note that as a 
consequence of our gauge-fixing procedure, all quantities in ( |I8| ) carry an additional 
proper-time dependence. To avoid misunderstandings, let us also point out that the 
diffeomorphisms / (which act in a standard way on the coordinates and gtj^s, and 
map surfaces of constant t into themselves) are of course no longer invariances of 
the gauge-fixed action. 

The ^(Q)ij form a basis for ker U , that is, for the transverse traceless tensors, 
and we have chosen them to be orthonormal with respect to the scalar product (, ) 
(which involves an integration over the spatial directions only). Explicitly, they are 
given by 



Associated with the variable change hjj 1— > {^i, 6Ta) is another Jacobian J which 
takes the form 



J = Vdetv2(LtL) det(x("\ ^(m). (50) 
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A straightforward calculation yields 



detv2(^"^^) = dety2{-2g'^ViVj) = detv2(-2n) (51) 

and 

2V 

det{x^-\^^f,)) = - — . (52) 

After the coordinate transformation on the tangent space of metrics, the partition 
function reads 

= JJJ J [V^.] J [V6t^] J [V6~X] e-^^'^(«''5^'^-), (53) 

with the action 



We have pulled out the determinants from under the functional integrations in (p3[), 
because they depend only on the fixed background metric g^. 

We can now perform the integrations over ^j, 6X and 6t, since the action is 
quadratic in these variables. Up to irrelevant (positive) constant terms, the two 
integrations yield 

erintegral: (det;,.(-92)(-n))"^ (55) 

5A-integral: (dets(a^))~^ (56) 

5ra-integral: (^det'(— (9q)^ , (57) 

where by definition all zero-modes have been excluded, and the last determinant is 
that of a free two-dimensional particle with mass m = Ye^T"- "^^^ term coming 
from the 5A-integration is of course the ill-defined determinant associated with the 
conformal divergence. 

A well-known subtlety arises in the evaluation of the determinant of {l^L) since 
the fiat torus possesses Killing vectors, leading to zero-modes of this operator 



30| , p4| . This can be taken care of by writing 

detv2(L"^L) = Vj7Metv2(L"^L), (58) 

where Vk denotes the (infinite) volume of the diffeomorphism subgroup generated 
by the Killing vectors. Since we do not keep track of positive constant and infinite 
factors, we will simply drop this term. Also, it is not our aim here to investigate 
the possible physical significance of such zero-modes and we will remove them from 
now on wherever they occur. 
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Collecting all the determinants, the partition function is now given by 



^(2) 



JJJ' 



detv2(-9Q) dety2(-n) detg^^L/g 



det(x, ^) V^^^s4(2 + 3C) det'v(F o L)t(F o L) 



det'w 



-dl) deUdl) 



(59) 



The only non-trivial task remaining is the evaluation of the Faddeev-Popov deter- 
minant detv(-Foi^)^(-FoL). At the metric G M., we can compute this determinant 
explicitly, so there is no need to split off the time derivatives as we did in (0). As 
a warm-up, let us calculate the functional determinant detv(VoVo) = detv(— Sg). 
In order not to have to deal with non-trivial boundary terms we demand that the 
eigenfunctions on M = [0, 1] x be periodic in the Xi- and X2-direction, as well as 
in the time direction. A complete set of eigenfunctions is then given by 



■ (ki,K2,i^,m) 



(60) 



with 




a 



(1) 




a 



(2) 




(61) 



The frequency uj takes discrete values uj = 27[k, k = ±1, ±2, ±3, . . ., and similarly 
the Kj are given by = 27r/cj, ki = 0, ±1, ±2, . . .. The eigenvectors are orthonormal 
with respect to the scalar product (|16|), with discrete eigenvalues 



(ki,K2,'^,m) 



UJ 



(62) 



The functional determinant is therefore the infinite product 

det^ ^ _ TT , ,6 



n ^ 

UJ.KljK.2 



Next we determine the eigenfunctions ff of the Faddeev-Popov operator in 

[(FoL)t(FoL)]/r^, = PV 



(63) 



(64) 



Making an ansatz of the form 

r/=a(t)e^^-^ (65) 
for the three- vectors, one obtains a coupled set of eigenvalue equations, namely. 



T 



(^0 - ii^iydoCTi 



Vt 



-iKidoCTo - dloi 
-iK2doao - dla2 



pcTo (66) 

P^i (67) 
P<J2. (68) 
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(We note in passing that it is clear from ( |67| , |68D that in the presence of boundaries 



at t = 0, 1 it would not be consistent to require a simultaneous vanishing of all 
components of a at the boundaries.) One third of the eigenfunctions is easily found 
by setting cq = 0. The eigenvectors are of the form 




with eigenvalues 

For the remaining eigenfunctions one finds 

f] = ( ^^Ki I e'"^-^ e'"*, (71) 

with the associated eigenvalues 




= i(5c.^ + i(r«:? + Inl)) ± ^\/(5^^ + ^{r^l + U))' - 16u^. (72) 

For fixed ki, k,2 and u, there are therefore three orthogonal eigenfunctions. The 
entire functional determinant is thus given by 

dety{FoLy{FoL) = JJ p(-i.«2,<^,o)^(Ki,K2,<^,+)^^i,K2,<^,-) ^ -Q 4^6_ ^73^ 

This coincides (up to a constant factor) with the determinant of the kinetic term we 
calculated earlier, that is, detyVoVo. Substituting the results for the determinants 
back into (|59D, we observe again an exact cancellation of the infinite products pro- 
vided that C < — |, in agreement with our earlier non-perturbative results. Since 
the regularized determinant (|57| ) gives a term proportional to V/t, our final result 
for the perturbative partition function around fiat torus metrics of the type (^^ is 
given by 



r 



3 



6 Conclusions 

Inspired by recent attempts of constructing a non-perturbative propagator for grav- 
ity by discrete methods, we have investigated the continuum gravitational propaga- 
tor in proper-time gauge, concentrating on the role played by the conformal mode 
of the metric. Our starting point was the space of physical space-time metrics of 
Lorentzian signature. After performing a generalized Wick rotation, the partition 
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function becomes real, but the Euclideanized action is seen to suffer from the usual 
"conformal sickness" : as a result of conformal excitations it is unbounded below. 

We then proceeded to determine the Faddeev-Popov determinants that arise 
during the coordinate changes on the space of metrics, the first from splitting off 
the gauge degrees of freedom associated with the diffeomorphisms of the base man- 
ifold, the second from isolating the part of the metric that has a negative-definite 
kinetic term. Although an explicit evaluation of the functional determinants and 
the non-perturbative path integral seem technically out of reach, we showed that 
under certain assumptions about the behaviour of the partition function under renor- 
malization the conformal divergence in the action is cancelled by a corresponding 
Faddeev-Popov term in the measure. This conclusion also required that the signa- 
ture of the DeWitt metric was chosen to be indefinite, i.e. the constant C in the 
DeWitt measure (used to define inner products on the tangent space of metrics) sat- 
isfied C < — I which we argued was a natural condition. Our work can therefore be 
seen as a non-perturbative generalization of earlier findings by Mazur and Mottola 
1^ which - although acknowledged by the authorities - are maybe not widely 
appreciated. 

Our results reinforce the evidence coming from dynamically triangulated formu- 



lations of quantum gravity |T6| that in a fully non-perturbative path integral the 
conformal mode is not a propagating degree of freedom and therefore the confor- 
mal divergence is simply absent, contrary to what one may have expected from just 
looking at the action or from considering reduced, cosmological models. Although 
geometric configurations with large and negative action exist, they are effectively 
suppressed by the non-trivial path-integral measure. This is an attractive propo- 
sition because it implies that the unboundedness of the action is no obstacle in 
principle to the construction of a gravitational path integral. Also, at a kinematical 
level (that is, before quantum gravity proper has been solved), it brings the covari- 
ant formulation of gravity into line with canonical treatments where the conformal 
degree of freedom is fixed by imposing the Hamiltonian constraint. Although in the 
path integral this constraint is not enforced explicitly, it seems that the measure 
nevertheless does know about it. 

All our calculations were done in proper-time gauge, mimicking a similar proce- 



dure in the discrete Lorentzian gravity models of ||T0|, |TT[. Note that there is nothing 



wrong in principle with choosing a gauge in quantum gravity. Our choice of proper 
time does have an invariant geometric meaning, but this by no means entails that 
proper-time correlators assume a simple form in other gauges or that any interest- 
ing physical quantity will be easily expressible in proper-time gauge. This is simply 
an inevitable feature of gauge theories. Obviously we expect our result about the 
absence of the conformal sickness to be gauge- independent. In practice, an explicit 
check may not be straightforward, since our construction of a Wick rotation was 
closely tied to the proper-time gauge. There may be other gauge choices and other 
prescriptions of Wick-rotating, but we are currently not aware of any concrete pro- 
posals. As usual in quantum gravity, one is not exactly faced with an embarrassment 
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of riches when trying to quantize the theory. 

Clarifying the role of the conformal factor is only one step in analyzing the prop- 
erties of non-perturbative path integrals for Lorentzian gravity. We do not expect 
that much progress can be made in a continuum formulation in evaluating these 
quantities explicitly and showing how the non-rcnormalizability of the pcrturbativc 
approach is resolved non-perturbatively. For a solution of these more fundamental 
problems we must rely on the properly regulated discrete quantum gravity models 
that are currently under investigation. 
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Appendix 1 

In this appendix we show that every metric g^^ in an infinitesimal neighbourhood 

of the constraint surface C can be uniquely decomposed into an element in C and an 
infinitesimal diffcomorphism, parametrized by a vector field Writing the original 
metric as ^f^,^ = g^l + /i^,^, we would like to understand under which conditions the 
tangent vector h/^jy can be uniquely decomposed as 

V = + ^l^^r^ + V.C/., (75) 
where h^^ is tangential to C, i.e. of the form 

e=fn- I)- (76) 



This is tantamount to solving the set of equations 

2Vo6 = ^00 (77) 
Vo^ + Vi^o = hoi (78) 

for ^, where the covariant derivatives refer to the base point metric gf^),. Since this 
metric is in proper-time gauge, its Christoffel symbols take the form 

^00 — '-On — ^ 



- -7: 9ij,o 



1 

2 



i oj - 7, 9 9jk,o 



2 

rj,- = \9"'i9ik,j + 9jk,i-9ij,k). (79) 
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Using these explicit expressions we obtain 



eo(t,x) 




dt' hoo(t' , x) 



(80) 
(81) 



bi{t,x.), 



where bi = hoi — di^o, and aij = — SFq^-. The system of differential equations deter- 
mining has unique solutions if 

1) bj and smooth and continuous in the interval of interest, namely, [0,t]; 

2) the Gij satisfy a Lipschitz condition 



where the kj are arbitrary constants, greater than zero. 

These conditions are satisfied for all metrics g^]^, which we assume to be non- 
degenerate and sufficiently differentiable. The boundedness property (|8^ ) follows 
from the compactness of the base space ^'^^M = [0,t] x ^'^^^T.. 
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